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[ PHAN DPAI SO VA GIAI TICH ]

CHUONG I: DAY SO - CAP SO CONG VA CAP SO NHAN

§ 1. PHUONG PHAP QUY NAP TOAN HQC

1. PHUONG PHAP QUY NAP TOAN HQC

Néu chtrng minh ménnh dé chira bién A(n) 12 mot ménh dé ding véi moi gid tri nguyén
duong n, ta thyc hién nhu sau:
e Buée 1: Kiém tra ménh dé diing véin = 1.
o Buréc 2: Gid thiét ménh d@é diing véi sé nguyén dwong n = k tup ¥ (k > 1), chitng minh rdng
ménh dé ding véin =k + 1.
Chii y: Néu phdi chirng minh ménh dé A(n) la diing véi moi s6 nguyén dwong n > p thi:
+ O bude 1, ta phdi kiém tra ménh dé diing véi n = p;
+ O budc 2, ta gia thiét ménh dé diing véi sé nguyén dwong bdt ki n = k > p va phdi
chirng minh ménh dé diing vérn =k + 1.

2. BAI TAP AP DUNG
Bai tap 1: Chimg minh: [+3+5+..+Qn-D=n’, neN" (1)
Giai
Buwéc 1: Khin = 1, vé trdi chi c6 mot s6 hang béng 1, vé phai bang 17, vay h¢ thic (1) ding.
Buoc 2: Gia st dang thirc ding voi n=k =1, nghia la:
143+5+...+(2k—1) = k> (gia thiét quy nap)
Ta chiing minh (1) cting ding véin = k + I, tic la:
143+5+.. +Qk=D+[2(k+D)—1]=(k+1)* (¥)
That vay, tir gia thiét quy nap ta c6:
vé trdi cia (*): 1+3+5+...4+ k=) +[2(k+ D)= 1]1=k> +[2(k+ )11 = (k+1)> = vé phai cia (*¥)
Vay hé thuc (1) ding véi moi ne N
Bai tap 2: Chirng minh rang véi moi ne " :n® +11n chia hét cho 6.
Giai ’
Véin=l,tacod: 13+ 11.1= 12 chia hét cho 6.
Ta phai chiing minh tinh chat ding véi n = k+1. That vay:
(k+1)° +11(k+ 1) = k> +11k +12+3k(k +1).
Vi k*+11k +12 chia hét cho 6 va k(k +1)1a sb chin nén 3k(k +1) chia hét cho 6.
= k> +11k+12+3k(k+1) chia hét cho 6 hay tinh chat diing v6i n= k+1.

Vay tinh chat trén diing v6i moi nell”.
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BAI TAP

1. Chiing minh rang v4i moi n € N*, ta c6:

a)1+2+.. +n=2tD b)12 422 4. 42 = HFDCRFD
2 6
) P+ +..+n° {”(”2”)} d) 1.4+2.7+...+nGBn+1)=n(n+1)>*
e) 1.2+2.3+...+n(n+1)=w
f)— L +..+ L __n
12 2.3 nn+1) n+l
2. Chirng minh ring v6i moi n € N*, ta c6:
a) 2">2n+1 (n>3) b) 2"2 >2n+5
) letr +Lcol m>9 oLl 2=t 1
22 n2 n 24 2n \/2n+1

1 1 13
e) 1+— <2\/_ —t +.4+4—>— (n>1
) [ [ Dn+1 n+2 2n 24 ( )

3. Ching minh rang véi moi n € N*, ta c6:

a) n° +11n chia hét cho 6. b) n® +3n% +5n chia hét cho 3.
¢) 7.22"72 + 32" chia hét cho 5. d) n® +2n chia hét cho 3.
e) 321 122 chia hét cho 7. f) 13" —1 chia hét cho 6.
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§ 2. DAY SO

1. CAC PINH NGHIA
1.1. Pinh nghia day so6
M&i ham s u xdc dinh trén tap céc s6 nguyén duong N* duoc goi 1a mot day sb vo
han (goi tat 1a ddy s6). Ki hiéu:
u:N*— R
n - u(n)
Dang khai trién: (u,) = uy, U, ..., Uy, ...
Vidu 1:
Day céc sb tu nhién 1¢ 1,3,5,7, ....cO sb hang dau u;, =1, sb hang téng quitu, = 2n —
1
1.2. Pinh nghia day s6 hitu han
M&i ham s u xdc dinh trén tap M = {1,2,3, ..., n} céc s6 nguyén duong N* duoc goi 1a
mot day sé hiru han.
Dang khai trien: (u,) = up, Uy, ..., U, .Trong d6 u,la $6 hang dau, u, la ) hang cudi.
Vidu 2:
Diy cdc s6 tu nhién chin 2,4,6,8,10,12 c¢6 s hang ddu u; = 2, s6 hang cudi ug = 12
2. CACH CHO MQT DAY SO
2.1. Day s6 cho bing cong thirc ciia s6 hang tong quat
Vi du 3: Cho day s

Up = 7 (D

Tur cong thl:l’Cq(l), ta c6 thé x4c dinh duogc bt ky ) hang nao cua day $6.
Dang khai trién:
9 81 3"

2.2. Diy s6 cho bang phwong phap mo ta
Vi du 4: S6 m 12 s6 thap phan vo han khong tuan hoan
m = 3,141 592 653 589 ...
Néu 1ap day s6 (u,,) v6i u,, 12 gi tri gan ding thiéu cta sé 7 vdi sai s6 tuyét d6i 10" thi
u, =3,1; u, = 3,14; u; = 3,141; u, = 3,1415; ....
D6 1a day s6 duoc cho bang phuong phdp mé ta, trong d6 chi ra cach viét cac s hang lién
tiép cua day.
2.3. Day s6 cho bing phwong phép truy hdi
Vi du 5: Day Phi — bd — na — xi 1a day $6 (u,,) dugc xac dinh nhu sau:
U =uz; =

{un =Up;tU
Nghia 13, ké tir s6 hang thir ba tré di, mdi s6 hang deu bang tong cua hai s6 hang dimg ngay
trude no.
Cich cho ddy s6 nhu trén dugc goi 1a cho bang phirong phdp truy hoi.

voin = 3,
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3. BIEU DIEN HINH HQC CUA DAY SO

Vi ddy s6 12 mot ham s6 trén N* nén ta c6 thé biéu dién day sé bang d6 thi. Khi d6 trong mat
phang toa d9, day so6 dugc bi€u dién bang cic diém c6 toa d6 (n; u,,).

. ~ A 7 n+l , . 2..2 SX 1
Vi du 6: Day so6 (u,,) voi u, = —c6 thé biéu dién hinh hoc nhu sau:

Uy

Uy |

U,
Uy
Uy

U =2;Uy == U3 ==;Uy =

W
| o

N| W

7
A

Tuy nhién nguoi ta thudng biéu dién cdc s6

=

ang cua mQt day so trén tryc sO. nhu sau:

: ! ~
t T i Z

0 1wy, u; u, 2 u

n

4. DAY SO TANG, DAY SO GIAM VA DAY SO BI CHAN

4.1. Day sb ting, day sé giam

® (u,) la day so tang S Uy > U, voimoin € N*%,
SUp—u,>0Voimoin € N*

u r . .
& S 1 v6i moin € N* (uy, > 0).
un
® (u,)la day so giam < u,,; < u, voimoin € N*

Sy —u,< 0voimoin € N*

u r . .
& L <1 véimoin € N* (u, > 0).

u}’l

4.2. Day sb bi chiin

® (u,) la day s6 bi chantrén & IM e U : u, <M, Vi € N*.
® (u,) la day sébi chanduoi @ Ime U :u,>m, Vn e N*
® (u,) la day sébi chan &3m, M e 0 : m <u,<M, V'n e N*

5.BAI TAP AP DUNG
Bai tip 1: Viét nam so6 hang dau cta day so (u,) cho bdi cong thirc:

n

u =
2" -1
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oo L2 20 3 3. 4 4 5 5
boot-l P21 377 21 77t 2f-1 157 0 2°-1 31
Bai tap 2: Tim s0 hang tong quat cia day so:

a) (u):1,2;4;8;16.

{ u =3
b) (u):
u

Giai
a) Ta thay:

u, :1:21"l;u2 =2:22_1;u3 :4:23'1;u4 :8=24'1;u5 =16=2"" =>u =2t

Vay day (un) 6 s6 hang tong quat: u,=2""
b) Ta théy u =3u,=2u =23= 3.21;u3 =2u,=2.6= 3.22;u4 =2u,=2.12= 3.2°
Vay day (un ) c6 s6 hang tong quét u_=3.2""
BAI TAP

1. Hay viét 5 s6 hang dau cua day s6 (u,) cho boi:

2 n
— -1 —
Q) 2l by u =D o) u =11
" 2 " 2n+1 " 2
n-+ n-+1
1Y (n+1)!
2 .
d) unz(—gj €) u, =n+cos” n f) u,= o
2. Hay viét 5 s6 hang dau cta ddy s6 (u,) cho boi:
— — 1 b — — —
a) u =2, | _g(un +1) ) U =15, ) =9, Wy = Uy — Uy
2
C) u = 0’ U :2— d) ul = 1’ Lt2 = _2’ un+2 = un+l _2un

un+1

3. Hay viét 5 s6 hang dau cua ddy s6 (u,), du déan cong thire sb hang tong quét u, va chimng
minh cong thirc d6 bang qui nap:

a)u=lLu,_  =2u +3 b) u =3 u,_, = 1+u3
C) u1=3’ un+1=2un
d)u=-1u,  =2u +1 e)u=Lu_  =u+7
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5 u, +1

4. Xét tinh tang, giam cua cdc ddy s (u,) cho bai:

I’l_ _ n
a)un=2n+1 b)u=4 1 C)un:( 1)
3n-2 "oy n+2
n?+n+l1 2 2—n
d) U, =———— €) u, =n+cos”n f) u, =

n“+1 \/;

5. Xét tinh bi chan trén, bi chan dudi, bi chédn cua cic day s6 (u,) cho béi:

a) un:2n+3 u, = ! c) un=n2+4
n+2 n(n+1)

d) u _M &) u =t f) u =(=1)" cos2-
n’+n+l ! Vn? +2n+n ! 2n

T6 Toan hoc - Khoa khoa hoc co’ ban

Trang 8



§3. CAP SO CONG
1. Dinh nghia
Cép ) cfng la mot day sO (hitu han hodc vo han), trong do6 ké tir s6 hang thtr hai, mdi
s6 hang dé bang s6 hang dimg ngay truéc né cong voi mot s6 khong dbi d.
S6 d duoc goi 1a cdng sai ctia cap sd cong.

(u,) la cap 56 COng S Uy =u, +d, Vin € N*(d: cong sai)

2. S6 hang tong quat
Pinh li 1: Néu cap s6 cong (u,) c6 s6 hang dau u; va cong sai d thi s hang tong quit u,,
duoc x4c dinh boi cong thuc:

u, =u +(n-1d voin =2

3. Tinh chét cac s6 hang cua cip sb cong
Pinh li 2: Trong mot cap s6 cong , moi s6 hang (trur s6 hang dau va cudi) déu 12 trung binh
cong cua hai s6 hang dimg k& v6i n6, nghia la:

U T
2

u, = véi k >2

4. Tong n so0 hang dau ctia mot cap so cong
Pinh li 3: Cho cap s6 cdng (u,). Ta céd

nu +u,) 1| 2u +(n—1d |
2 2

Sn =u tuyt+..tu, =

4.BAI TAP AP DUNG

Bai tap : Xac dinh cép sb cong (u,) biét:
u, =19;u, =35

Giai
. |us=19 u, +4d =19(1)
. =
u, +8d =35(2)
Lay (2) trir di (1): 4d =16=d=4.
Thé vao (1): u, =3. Vay u, =3, d=4.
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BAI TAP

1. Trong cdc day so (u,) dudi day, day so nao la cap so cong, khi d6 cho biét s6 hang dau va
cong sai cua no:

2)u,=3n—7 b) u, =212 0) u, =n’
7-3n n
d) u,=3" e) u, = 5 f)unzz—l
2. Tim s6 hang dau va cong sai ctia cap sd cong, biét:

2) u1+u5—u3:10 b) u2+u5—u3:10 o) u3=—15

u +ug =17 uy +ug =26 u, =13
d) u; —uy =8 o) u; +u;5 =60 f Uy Uy +ug =—12

Uydty =15 uj +ugy =1170 Uy =8

3. a) Gitta cdc s6 7 va 35 hay dat thém 6 s6 nita dé duogc mot cép $6 cong.
b) Giita cdc s6 4 va 67 hay dat thém 20 s6 nita dé dugc mot cép $6 cong.

4. a) Tim 3 s hang lién tiép ctia mot cap sd cong, biét tong cuia chiing 1a 27 va tong cdc binh
phuong cua ching 1a 293.

b) Tim 4 s6 hang lién tiép ciia mot cdp s6 cong, biét tong cua ching bang 22 va tong cic
binh phuong cua ching bang 66.

5. a) Ba g6c cua mot tam gidc vudng lap thanh mot cap so cdng. Tim so do cic goc do.

b) SO do cidc géc cia mot da gidc 161 ¢6 9 canh 1dp thanh mdt cap s6 cong c6 cong sai d =
0 ~ A 5 - 2 7
3". Tim s0 do cua céac goc do.

¢) SO do cdc gbc cuia mot tir gidc 161 1ap thanh mdt cap s6 cong va géc 16n nhat gap S lan
g6c nhé nhat. Tim s6 do cac goc do.

6. Chirng minh rang néu 3 so a, b, ¢ 1ap thanh mot cap so cong thi cic so X, y, z cling 1ap
thanh mot cap so cong, voi:

a) x=b*+bc+c?; y:c2+ca+aZ;Z=az+ab+b2

b) x=a’ —bc; y=b*—ca; z=c> —ab
7. Tim x dé 3 s a, b, c 1ap thanh mot cép sb cong, voi:

a) a=10-3x; b=2x>+3c=7-4x b) a=x+1;b=3x-2;c=x>—1
8. Cho diy s6 (u,) voi u, =3n+7.

a) Viét 5 s6 hang dau cta cap sb cong;
b) Chirng minh rang (u,,) 1a cap s6 cong. Tim d;
¢) Tinh tong ctia 30 s6 hang dau ciia cap sb cong trén.
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§4. CAP SO NHAN
1. Pinh nghia
Cép s0 nhan Ia mot day s6 (hitu han hodc vo han), trong do ké tir s6 hang thtr hai, mdi
s6 hang déu 1a tich cua s hang dung ngay trudc né voi mot s6 khong doi q.
S6 q duoc goi 1a cdng bdi cta cip s6 nhan.

(u,) la cdp $6 nhan < Upr = Up.q vOin € N¥q: cong boi)

2. S6 hang tf;ng, quat , ‘ )
DPinh li 1: Neu cap so6 nhén (u,) c6 so hang dau u, va cong bdi q thi s6 hang tong quat u,,
dugc x4c dinh boi cong thic:

_ n—1 £
u, =u.q ;vm n=2

3. Tinh chit cac s6 hang cua cap sb nhan
Dinh Ii 2: Trong mot cap s6 nhan, mdi sb hang (trir s6 hang dau va cudi) déu 1a tich cua hai
s6 hang dimg ké véi né, nghia la:

2
u =u u )
k k—1""k+1 5 Vol k 22

4. Tong n so0 hang dau ctia mét cap s6 nhan
Pinh li 3: Cho cap so6 nhan (u,). Ta c

S, =nu, voi g=1
u,(l1-q"

Sn:M véi g#1
I-¢

5. BAI TAP AP DUNG

Bai tap : Tim s0 hang dau va cong boi cuia cap so nhan

uy—uy =72
us —uy =144

Giai
3 = 2 _ =
Ta c6: ul.(j ul.(zl 72 - ul(zl.(q2 =72 (1)
u.q —u.q =144 uq-.(q"-D=144 (2)
Chia (2) cho (1) ta c6: g= 2.

Thé vao (1) ta c6: u, =—— 2 =12 Viyu, =12:q=2.

2.02% 1)
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BAI TAP

1. Tim s0 hang dau va cong bdi cua cap s6 nhan, biét:

2) u4—u2:72 b) ul—u3+u5:65 o) u3+u5:90
Us — Uiy =144 u, +u; =325 Uy — Uy =240
+u, +u, =21
ul+u2+u3:14 Ty T u1+u2+u3+u4:30
d) 64e) 1+1+1_7 2, 2. 2,0 a0
Uy Us Uy = —t—+—=— =
1-Uy Uy o u l/t3 12 U +u2 +u3 +u4

2. a) Giira cdc s6 160 va 5 hiy chén vao 4 s6 nita dé tao thanh mét cap s6 nhan.
b) Giira cdc s6 243 va 1 hdy dat thém 4 s6 nira dé tao thanh mot cap s6 nhan.
3. Tim 3 s6 hang lién tiép ctia mot cdp s6 nhan biét tong cua chiing 1a 19 va tich 12 216.

4. a) Tim s0 hang dau ciia mot cap so nhan, biét rang cong bodi la 3, tong so cac s6 hang 1a
728 va s6 hang cuoi 1a 486.

b) Tim cOng bdi cua mot cap s6 nhan cé s6 hang dau 1a 7, s6 hang cudi 1a 448 va tong
sO cdc sO hang 1a 889.

5. a) Tim 4 géc ciia mot tir gidc, biét rang cdc géc d6 1ap thanh mot cap sd nhan va géc cubi
gap 9 lan goc thur hai.

b) D0 dai cac canh ciia AABC 1ap thanh mot cap s6 nhan,
Chirng minh rang AABC c6 hai géc khong qué 60"
6. Tim bdn s6 hang lién tiép ciia mot cap sO nhén, trong d6 s6 hang thir hai nho hon sé hang
thtr nhét 35, con sb hang thtr ba 16n hon sb hang thtr tu 560.

7. So s6 hang cuia mot cap sb ‘nhan 1a mot sd chin. Tong tat ca cac s6 hang ctia n6 16n gap 3
lan tong cic s6 hang c6 chi sb 1&. Xdc dinh cong boi ctia cip s do.

N A A 5 A A A A - A M A A A N 148 A N
8. Tim 4 s0 hang dau ctia mot cap s nhan, biét rang tong 3 s6 hang dau laT, dong thoi
theo thtr ty chiing 12 s6 hang thir nhét, thir tur va thir tdim ciia mot cap sd cong.

9. Tim 3 s6 hang dau ciia mot cap sO nhan, biét rang khi tang sO thir hai thém 2 thi céc s6 d6
tao thanh mot cap s0 cong, con néu sau d6 tang sd cudi thém 9 thi chiing lai 1ap thanh mot
cap s6 nhan.

10. Tim 4 ) trong do ba so dau la ba so hang ké tlep cua mot cap s6 nhan, con ba so sau la ba
sd hang ké tiép ctia mot cip sb cong; tong hai sé dau va cudi bang 32, tong hai sd giita bang
24,

11. Tim cdc s6 duong a va b sao cho a, a + 2b, 2a + b 1ap thanh mot cAp s6 cong va (b + 1)°,
ab + 5, (a + 1)* 1ap thanh mot cap sb nhan.

12. Chimg minh ring néu 3 s ——, 1
y—xy

2 A IN A A A A IS A A
, —— lap thanh mot cap s6 cong thi 3 sO x, y, z 1ap
y—2z

thanh mot cap s6 nhan.
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ON TAP CHUONG I

1. Chting minh rang véi moi n € N*, ta c6:
a) 3n3 + 15n chia hét cho 9.

b) 32" 422 chia hét cho 7;
¢) 13" —1 chia hét cho 6.

, , =2
2. Cho ddy sb (u,,), biét {u t

—ou — 1 (v6in = 1). Viét nam sd hang dau tién cua day.
n+1 — n -

3. Tim s6 hang dau u,va cong sai d cta cap so6 cong(u,,) , biét:

{Su1 + 10us; =0 { u; + uy5 = 60
V1 s, =14 )2 + 2, = 1170

4. Tim s0 hang dau va cong bdi ctua cap s6 nhan, biét:

a) M4_M2:72 b) {u2+u5_u4:10 C) M3+M5:90
us —uy =144 Uz +uUg —us = 20 Uy — g =240

5. Cho day s6 (u,) véi u, = 3n —2.

a) Viét 5 s6 hang dau cta cap sb cong;
b) Chirng minh rang (u,,) 1a cap s6 cong. Tim d;
¢) Tinh tong cta 35 s hang dau ciia cip s6 cong trén.
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CHUONG IIL GIOI HAN

§ 1. GIOI HAN CUA DAY SO

1. GIOI HAN HU'U HAN CUA DAY SO

1.1. Pinh nghia 1. Ta néi diy s6 (u,,) ¢6 giéi han 12 0 khi n dan t&i dwong vo cuc, néu |u,|
c6 thé nho hon mdt s6 duong bé tuy ¥, ké tir mot s6 hang nao d6 tro di.

Ki hi¢u:
lirP u, = 0 hay u,, » +o0 khin - +oo
n—->+oo
_ Nhu vy, (uy) c6 gi6i han1a 0 khin — +oo néu u,, c6 thé gan 0 bao nhiéu ciing dugc,
mién n du l6n.
1.2. Pinh nghia 2. Ta néi diy (v,) c6 giéi han 12 s6 a (hay v, dan tdi a) khi n — +o00, néu
lim,_, (v, —a) =0.
Ki hiéu:

lim v, =a hay v, > akhi n > 400,
n—+oo

1.3. Mot vai gioi han dac biét

Tir dinh nghia suy ra céc két qua sau:

1 1
a) lim —=0; lim — = 0;v&i k nguyén dwong;

n-+on nﬁ+wnk
b) lim q" =0néulq| < 1;
n—-+oo

¢) Néu u,, = ¢ (c1a hang sd)thi
lim u, = lim c=c
n—-+oo n—-+oo

* Ghi chu

T'r nay vé sau thay cho viét lim u, = a,ta c6 thé viét tatla: limu, = a.
n n
n-+o

2. PINH LI VE GIOT HAN HUU HAN

Viéc tinh giéi han bang dinh nghia kha phtc tap nén ngudi ta thudng dp dung céc
cOng thirc gidi han dic biét néu trén va dinh I sau day ma ta thira nhan.

Pinh i 1

a) Néulimu,, = avalimv, = b thi

limtu, +v,) =a+>b
limtu, —v,) =a—»b

lim(u,.v,) =a.b
a

lim(i—:) =2 (Néub # 0)

b) Néu u, > 0 véi moin valimu, = athia > 0valim./u, =+Va
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3. TONG CUA CAP SO NHAN LUI VO HAN

Cho cap s0 nhan vo han (u ,) c6 cong boi q, vdi |q| < 1 tong cua cap sé nhéan lii vo
han la:
an (u,)la G

1—g¢q

Ching han: Hai diy sb sau day 1a nhitng cdp s6 nhan 1i v6 han:

111 1 A Ar 1
- Day so Pty g Vcncongbl(_)lq—z,
- X 11 1 1 1n\" re A u 1
- Dayso:l,—5,;,—;,5.......,(—5) ) e an VOICOHgb(_)lC[:—E.
Vidu 1
a) Tinh tong cta cip s6 nhan 1i v6 han (uy,), véi u, = ot
oA 1,1 1 1\"*1
b)Tmhtong.1—5+Z—g+'~.+(—5) + -
Giai
a) Viu =>u1—§,q=—Dodo
1
PRI S L S R
39 27 3n T 1-q ,_1°72
3
b) Cic s6 hang cua tong 1ap thanh cip sé nhan i v6 han véiu, = 1,q = —%.
Vay
e 1+1 1+ +( 1>"‘1+ uy 1 Y
7 2 4 8 2 _1—q_1_(_1)_3
. R 2
4. GIOI HAN VO CUC
4.1.Pinh nghia

e Tandiday s6 (un) 6 gioi han la +co0 khin — +oo néu u, ¢6 thé 16n hon mot b
duong bat ki, ké tir mot s6 hang nao d6 tro di.
Ki hi¢u:
limu, = +o hay u, - +o0 khin - +oo.
e Diy s (u,) dugc goi 1a ¢6 gidi han 1a —oo khin — +oo néu lim(—u,,) = +oo.
Ki hi¢u:

limu, = — hay u, - —o khin = 4oo.

Nhan xét
limu, = +o < lim(—u,) = —x.

4.2. Mot vai giéi han dic biét
Ta thira nhén dinh If duéi day:

a) limn* = +oo (k € N¥)
b) limq™ = 4+ néu(q > 1)
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4.3. Dinh 1i
Dinh 1i 2

4 . \ ] Y ] u
a) Néu limu,, = a va limv,, = oo thi llmv—n =0
n
v . . by * & . . u
b) Néu limu,, = a > 0; limv,, = 0 vav, > 0(vn € N*) véi moi n thi lim— = +oo
vn

c) Néu limu,, = +oova limv, = a > 0 thilim(u,.v,) = 4+

5. BAI TAP AP DUNG
Bai tap 1: Tinh

Sn+7
i ——]

Giai
Chia ca tir sO va mau so cho n, ta duoc

7
Sn+7 5+§

n

7 7
Vilim(5+—)=lim5+lim—=5+0=5
n n

1 1
Valim (—2 + E) = lim(-2) + lima =-24+0=-2

Sn 4 7 542 tim(5+2)
nénlimT_l_lzlim 1= 1 =—2
-2+ n lim (—2 + H)
Bai tap 2: Tinh
.’ 3n2 —n
m n?+1
Giai
Chia cé tir 6 va mau s6 cho n 2, ta duge
1
3n2—n= 3—o
2
R
n'n

1 1
Vilim<3——)=lim3—lim—=3—0=3
n n

11 1 1
Valim (—.—+ 1) =lim—.lim—+1liml=00+1=1
nn n n
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3n2—n 3—1

= lim n
2
ns+1 l.l+1 lim(.ll+1)
n'n nn

Il
Il
I
Il
w

nén lim

Bai tap 3: Tinh

Ta co:

t-m Lo n(z-2) (-2

li

Bai tap 4: Tinh
2n+5
n. 3"
Giai

lim

Chia ca tir va mau cho n, ta duoc

5
2n+5=2+§
n.3m 3n

Vilim (2 +2) = 2 im3") = +00 = lim 22> = lim =2 = 0.
Bai tap 5: Tinh
limn?-2n-1)
Giai

Taco

2 2
Vilimn2=+00;lim(1————2)=1>O
n n
2

: 2 _ 1Y — Jipn2 (1 22\ _
= lim(n* —2n—1) = limn (1 - nz)—+00.

1 1 1
VIt anZ /nz(ﬁ+4) n. ’F+4 /F+4
m———— = lim——————— = lim— = lim—7——=

2—1
5=
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BAI TAP

1. Tinh céc gidi han sau:

y 6n—1 Ny 3n2+n-—5

Q) lme o Y
" 3" +5.4" D) i n?—-n+1

&) lim = o yim—p—

2. Tinh cédc gidi han sau:

a) lim(n®+2n?>—n+1); b) lim(—n? + 5n — 2);
¢) lim(vn? —n —n); d) lim(¥n? —n + n).
3. Tinh
PR S SN Gt L
10 102 1071
4. Tinh

oG ) e

5. Cho s6 thap phén v6 han tuan hoan a = 1,020 202 ... (chu ki 02). Hay viét a dudi dang
mot phan so.
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§ 2. GIOI HAN CUA HAM SO

1. GIOI HAN HU'U HAN CUA HAM SO TAI MOQT PIEM
1.1. Pinh nghia

Cho khoang K chtra diém x, va ham s6 y = f(x) xdc dinh trén K hodc trén K \ {x,}.

Ta néi ham sb y = f(x) ¢6 gi6i han 12 L ( khi x dan t6i x,, néu véi day s6 (x,) bat ki, x,, €
K\ {xp}vax, - xytacéf(x,)— L.

Ki hiéu:
lim f(x) =L
X—Xo
Nhdn xét:
lim x = x,; lim ¢ = ¢ (clahadngso)
X=X X=X
1.2. Pinh li vé giéi han hiru han
Ta thtra nhan dinh Ii sau day:
Pinh li 1:
a) Gia su lim f(x) =L; lim g(x) = M, ta cé:
X—Xo XX

« lim [f(x) +g()] =L+ M
* )}Lrgo[f(x) —g)]=L-M
* )}Lrgo[f(x)-g(x)] =LM

fX) L
gy m i (MEO
b) Néu f(x) 2 0; lim f(x) =L thi L= 0va lim Jfx) =L

(Déu cua f(x) duoc xét trén khoang dang tim gidi han, véi x # x,).

1.3. Giéi han mét bén

Dinh nghia 2:

* Cho ham s6 y= f(x) x4c dinh trén khoang (xo; b).

S6 L duoc goi 1a gidi han bén phai cia ham s y = f(x) khi x,, = x, néu véi diy sb (x,) bat
ki, xg < x,<bvax, = xy,taco f(x,) = L.
Ki hiéu: lim f(x)=L

* Cho ham sd y= f(x) x4c dinh trén khoang (a; Xo).

S6 L duoc goi 1a gidi han bén tri ciia ham s6 y = f(x) khi x,, = x, néu véi day sb (x,) bat
ki,a<x,<Xyva x, = xg,tacé f(x,) = L.

Ki hi¢u:

lim f(x) = L.
X=Xy
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Ta thtra nhan dinh Ii sau:

Dinh Ii 2

lim f() =1 & lim fG) = lim f(x) =1

X—Xg

5+ 2néux>1

Vi du 3: Cho ham sé f(x) :{x2—3né'ux< 1

Tim
lim f(x);  lim f(x); valimf(x) (néuco).
x—>1" x—-1t x—>1
Gia
lim f(x) = lim(x?—-3)=1%2 -3 = —2;
x->1" x-1"
xll)r{l+ fx) = xlg}lJr(Sx +2)=7.
Nhu vay

lim f(x) # lim f(x) = lim f(x) khong ton tai.
x-1" x-17F x—1

2. GIOI HAN HU'U HAN CUA HAM SO TAI VO CUC

2.1. Pinh nghia 3:

a) Cho ham sd y= f(x) x4c dinh trén khoang (a;+00).
Ta n6i ham s y = f(x) c¢6 gidi han la s6 L khi x = 400 néu véi day s6 (Xp) bat ki, xg < X, <b
va x, = +oo,tacé f(x,) = L.
Ki hiéu:
lim f(x) =1L

, X—+00
b) Cho ham s6 y= f(x) x4c dinh trén khoang (—o0;a).
Ta n6éi ham s0 y = f(x) c6 gidi han 1a so L khi x = —oo néu vai day so (x,) bat ki, va
X, = —oo,taco f(x,) = L.

Ki hiéu:
lim f(x) =L
X—>—00
Chiui y:
Vi c, k la hang so, k € N*, ta ludn c6:
c
lim ¢c=c; lim — =0
x—+too x—too X

Vi du 3: Tinh

. 3x% — 2x
im ————
x—+00 x2+1
Giai

Chia ca tir va mau cho x?2, ta cé
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xo+oo x2 4+ 1 X—+00 i
1+x2 xl—l>r-|¥loo (1+X2)
lim 3 — lim (—2)
_ X2+ X—>+00 X :3_():
. 1\ 140
xl—l>r-|¥loo1 + xl—1>r-|poo (X 2)

3. GIOI HAN VO CUC CUA HAM SO

3.1. Gio6i han vo cuc
Dinh nghia 4

Cho ham sd y= f(x) xdc dinh trén khoang (a;+00).
Ta néi ham s0 y = f(x) c6 gioi han 1a s0 —oo khi x — +o00 néu véi day so (x,) bat ki,
X, >avax, = +oo,taco f(x,) > —oo.

Ki higu:
lim f(x) = —
X—=>+
Nhan xét:
: _ R e _
Jim fo) =+ & lim (f()) = —oo
3.2. Mot vai gi¢i han dic biét
a) lim x* = +oo0 véi k nguyén duong
X—>+ 00
b) lim x*¥ = —c0 néuksolé
X——00
c) lim x* = +oo néu k 12 s6 chdn

X——co

3.3. Mot vai quy tic vé giéi han vo cuc
a) Quy tic tim giéi han cia tich f(x). g(x)
Néu lim f(x) =L # 0; lim g(x) = +o(hodc — o)thi lim f(x)g(x)
X—Xq X—=Xo

X—>Xo
lim f(x) lim g(x) lim f(x)g(x)
X—>Xg X-Xg XX
L>0 +o0 +oo
—00 —C0
L<O +o0 —0
—00 +o0
3.4. Quy tic tim gi6i han cia thuong %
lim f(x) lim g(x) Dau ctia g (x) o fM)
X—Xq X—X lim
x=%xo g (%)
L +o00 Tuy y 0
L>0 + 00 +o0
0 —00 —00
L<O0 + 00 —00
—00 + oo
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Cic quy tic trén van ding cho céc trudng hop

X = X§;X = X5 X = +00;x = —00

4. BAI TAP AP DUNG
Bai tap 1: Tinh
r x?+1
m
x—3 2\/;
Giai
Theo dinh Ii vé gidi han ta c6
lim x2+1  limgozx2+1  limyozx2+limy31  limyo,zx limy,z x.+limy,31  3.3+1 5
X23 oVx | limgoz2vx | limgos 2limgsvVx limy_3 2.4/limy_3 x T 2v3 V3
Bai tap 2: Tinh
 x?+4+3x—4
lim————
x-1  x—1
Giai

Vi (x — 1) - 0 khix - 1, nén ta chua thé 4p dung dugc dinh 1i néu trén.
Nhung véi x # 1tacd

x*+3x—4 (x-1Dx+4)

x+4

x—1 x—1
Do d6

x2+3x—4 x—1Dx+4
lim——— = lim( ) )= lim(x + 4) = 5.
x—1 x—1 x-1 x—1 x-1

Bai tap 3: Tinh

lim (x3 — 2x)

X——00
Giai
Taco

2
lim (x3 — 2x) = lim x3 (1 ——)

X—>—00 X—>—00 xZ

Vi lim x3 = —oo; lim (1—%)=1>0=> lim x3(1—%)=—00.

X—>—00 X—>—00 X——00

Vidu 4: Tinh

- 2x-—3 2x — 3
a) lim

x-1- x —1 ’ x-1t x —
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Giai

a) Taco
lir?_(x—l)zo,x—1<0Vé'im(_)ix<1Vé
X—
_ . 2x-—3
lim(2x—3)=21-3=-1<0= Ilim = 400,
x—1" x-1m x — 1
b) Taco
lir{1+(x—1)=0,x—1>0Vé'iinx>1Vé
X—
) - 2x-3
lim(2x—-3)=21-3=-1<0= lim = —o00,
x-1t x-1t x — 1
BAI TAP
1. Tinh céc gidi han sau:
. 2x — 6 0L —2x*+x—-1
a)x—lgrlooﬁl-—x’ )x—lgloo 3+x ’
I 17 D i x? -1
) x—l>rpoox2+1’ )xirzl3 x+1"'°
4 —x?  WVx+3-3
e lim =7 D lim——
2. Tinh cédc gidi han sau:
y 3x—5_ 0 1 2x =7 Y 2x =7
DI G2y S R
3. Tinh cé4c gi6i han sau:
VEFI+x
a) lim (x*—x?+x—-1); b) lim ———;
X—>+00 x—+00 5—2x
li L7 d) lim (—2x3+3x?—-5)
) x—l>rpoox2+1' )x—1>IPoo X x

4. Tinh cdc gidi han sau:

)i x? -1 b) i x3+x%2 -2 _

V-1’ *lxt—x3+x2 +x—2
. x4+ x-—7 C V2x—1-+x

¢) lim ———; d) lim ;
x—+o0 X241 x—1 x—1

e) limw; f) lim (\/x2+x+1—x);

x—=0 2x x—+00
V1+x?2+x
: - . : 2 —
g)xl_l)rll00 oy h)xl_l)rpoo( x“+1+x 1)
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§3. HAM SO LIEN TUC

1. HAM SO LIEN TUC TAI MOT PIEM

Dinh nghia 1

Cho ham s6 y = f(x) xéc dinh trén khoang K va x, € K.

Ham s6 y = f(x)dwoc goi la lién tuc tai xy néu lim f(x) = f(x,)
: n n ~ . X—Xg

2. HAM SO LIEN TUC TREN MOT KHOANG

Dinh nghia 2

* Ham sb y = fix) dugc goi la lién tuc trén khodng (a; b) néu ham sd lién tuc tai Xo,
Vx, € (a; b)

* Ham sb y = f{x) duoc goi 12 lién tyc trén doan [a; b]néu ham s lién tuc trén khoang
(a; b) va
Jim f(x) = f(a)va lim f(x) = f(b)
3. MOQT SO PINH Li CO BAN

e Ham sd da thic lién tuc trén R

e Ham s6 phan thic hitu ti (thwong ctia hai da thirc) va cdc ham s lugng gidc lién tuc
trén tung khoang xéc dinh cua chiing.

e Gia st cdc ham sb y =f(x) vay = g(x) lién tuc tai x, thi
+ Ham s y =f(x) + g(x); y = f(x) - g(x) ; y = f(x). g(x) lién tuc tai X,
+Hamsbéy = % lién tuc tai diém x, (néu g(x) # 0)

e Néuham sd y = fix) lién tuc trén doan [a; b] va f(a). f (b) < 0 thi tOn tai {t nhat mot
diém ¢ € (a; b) sao cho f(c) =0

4. BAI TAP AP DUNG
Bai toan 1: Ham so lién tuc tai mot diém

Phwong phap:

Pé ching minh ham sé f(x) lién tyc tai mot diém x,, ta qua 3 budc sau day:
Bl: Tinh f(xO)
B,:Tinh lim f(x)

X—Xo

B5:So sanh f(x,) va lim f(x)
X—Xg

Néu lim f(x) = f(xy) thi kétludn f(x)lién tuc tai diém x = x,
X—=Xq

x%-4

Bai tap 1: Cho ham s : f(x) = {E X #2

4, x =72

Xét tinh lién tyc ctia ham s f{x) tai diém x, = 2
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Giai

Ta cé:

* Tinh f(xo) = f(2) = 4

C CoxP=4 (x+2)(x—-2)
*Tmh}clir%f(x)—}clir%x_ —}CILI% — —}CILI%(X+2)—4

Do d6:
lim f(x) = f(2)
xX-2

Vay f(x) lién tuc tai diém x = 2

x3—-x+1 x<1
3x+2, x>1

Bai tap 2: Cho ham sb: f(x) = {

Xét tinh lién tuc cua ham s f{x) tai diém x, = 1
Giai

Ta cé:

«* Tinh f(xy) = f(1) =31+2=5

* Tinh lim f(x) = limBx+2)=31+2=5

x-1" x-1"
. _ . 3 _ —
Jin fG) = B G = x+ 1) =1
Vi lim f(x) # lim f(x) nén lim f(x) khong t6n tai
x-1~ x-1%F x-1

Vay f(x) khong lién tuc tai diém x = 1

Bai tap 4 : Xét tinh lién tyc ctia ham s6 f(x) = xxTz tai x, = 3.
Giai

Ham s6 y = f(x) lién tyc trén R \ {2}. Do d6 xédc dinh trén khoang (2; +o0)chtra x, = 3.

. . x
}Cl_rg fx) = }Clir; 5= 3 =1(3)
Vay ham s6 y = f(x) lién tyc tai x, = 3.
Bai toan 2: Ham sé lién tuc trén mdt khoang, mét doan

Phwong phap:

1/ Ham s6 f(x) lién tuc trén khoang (a; b) < f(x) lién tuc tai moi diém thudc khoang (a; b).
2/ / Ham s6 f(x) lién tuc trén doan [a; b] néu f(x) ) lién tuc trén khoang (a; b) va :

lim £ = f(@);  lim f() = f(b)
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x%-2x-3
Bai tap 4: Xét tinh lién tyc cia ham sé: f(x) = { s X7 3
4. X =

trén tap xdc dinh cua né.
Giai
Tap xdc dinh ciaham s6 f(x)1a: D = R

x%2-2x-3

o Néux #3thif(x) =——:
Vi f(x) 1a thuong cua 2 da thuc, d@)ng thoi mau s6 x — 3 # 0; Vx # 3 nén f(x) lién tuc trén
céc khoang (—oo; 3)va (3; +0)

e Taix=3.Tac6f(3)=4
x?2—-2x-3

i /) = lim ==

o (x+D(x—=3)
= lim

lim ~—3 =}C1_rg(x+1)=4

Do d6:
lim f(x) = f(3)
x—-3

Suy ra f{x) lién tyc tai diém x = 3

Vay ham s6 f{x) lién tyc trén R.

) 2x%-2x x£1
Bai tip 5: Cho ham s6 f(x) = { x-1 '
5; x=1

Xét tinh lién tyuc cia ham so6 trén tap xdc dinh cta né.
Giai
Tap x4c dinh ctia ham s6 la: R..

2x%2-2x

o Néux#1,thi f(x) ==——.
Day 12 ham s phan thirc hir ti ¢6 tap xdc dinh 1a: (—o0; 1) U (1; 40).

Vay né lién tuc trén modi khoang (—oo; 1)va (1; +00).
e Néux=1tacéf(x)=5.
2x% — 2x 2x(x — 1)

i@ ==y T Time=2

= lim,_; f(x) # f(1).
Suy ra ham s di cho khong lién tuc tai x = 1.

Két luan: Ham s di cho lién tuc trén cdc khoang (—0;1); (1; +0) va gidn doan tai x = 1.
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Bai toan 3: Chimg minh phwong trinh ¢6 nghiém nh¢ tinh lién tuc ciia ham sé

Phwong phap:

Néu ham sb y = f(x) lién tuc trén doan [a; b] va f(a). f(b) < 0 thi phuong trinh f(x) = 0 ¢6 it
nhat mot nghiém nam trong khoang (a; b)

Bai tap 6: Chung minh ring phuong trinh: x3 + 3x2 + 5x — 1 = 0 ¢6 it nhat mot nghiém
trén khoang (0; 1)

Giai
Xét ham sb: f(x) = x3 + 3x%2 +5x — 1
Ta ¢6 f{x) 1a da thirc nén lién tyc trén doan [0; 1]

£(0) = -1
f(1) =8

Vay phuong trinh f{x) = 0 c6 it nhat mot nghiém trén khoang (0; 1).

Mat khéc:{ — £(0).f(1) < 0

Bai tap 7: Ching minh rang phuong trinh x3 + 2x% — 5 = 0 ¢6 it nhat mot nghiém.
Giai
Xét ham s6 f(x) = x3 + 2x% — 5.

f(0) = -5
f@=7

y = f(x) 12 ham sb da thic nén lién tyc trén R. Do d6, né lién tuc trén doan [0; 2]. Tir d6
suy ra phuong trinh f(x) = 0 c6 it nhat mot nghiém x, € (0; 2).

Ta c6: { — £(0).f(2) < 0.

BAI TAP
1. Xét tinh lién tuc ctia ham sé f(x) tai x = 2, biét

x3—8_ )
f)=4x—2" X ¥
5; x =2

2. Xét tinh lién tuc ctia ham sb f(x) tai x = 1, biét

Y3 s
f(x)={x+1' *
—-1; x=1
3. Cho ham sb
_ e*; x<0
f(x)_{a+x; x=>0

Vi gid tri ndo ctia a thi ham sb f(x) lién tuc trén R.

4. Tim a dé ham so:
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fx) =

lién tuc tai x = 1.

x3—x?42x-2

x—1
3x + 3;

;o x#F1

X =

5. Xét tinh lién tuc ctia ham sb f(x) trén tap xdc dinh cta né, biét:

x% -2
f(x)= —x—\/i; x;t\/i
2V2; x =2

6. Chirng minh rang phuong trinh: 4x* + 2x? — x — 3 = 0 c¢6 it nhat hai nghiém phan biét

trén khoang (—1; 1).

1. Tinh céc gidi han sau:

I 8n+1_
a) lm2n+5'
5 \/9n2—n+1_
c) lim P
) lim ——
e) lim——;
Vn+3—n
2. Tinh cé4c gi6i han sau:
y —5x—1_
DL

c) }Ci_r)r%(x2 —7x +1);

5x%> —10x + 5

)

e) lim
) x—>-3 x—1
3. Tim céc gidi han sau:

)i x+3
a) lim ——;
x—29 4+ x + x2

¢) lim (—x3+x%2—-2x+1);

X—>+0o
I x+3 _
) im 1
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n3+n—2_
2n3 -1 '

d) lim(\/n2+5n—1—n);

2" —75"

Dlim e

b) lim

5x3+3x+1
2x3—1 '

d) xl_lgloo (\/xz +5x—1 —x);

b) lim

X——00

li ;

f)xl—r;q x+2

Y x> +5x+6
)xirg x2+3x

D i x2—-2x+4—x
) im o
I 5x+2_
f)x1—>r2>3x+7'
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4. Xét tinh lién tuc trén R cua ham s6

xz—x—2_
fx) = x—-2 '
5—x;
5. Cho ham sb
3—x _
fx) = Ve+1-2"
a,

Vi gid tri ndo ctia a thi ham sb f(x) lién tuc tai x = 3.

x> 2

x<2

x#3

X =

6. Chimg minh rang phuong trinh x° — 3x* 4+ 5x — 2 = 0 ¢6 it nhat 3 nghiém nam trong

khoang (—2; 5).
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CHUONG IIL. PAO HAM

§ 1. PINH NGHIA VA Y NGHIA CUA PAO HAM

1.PAO HAM TAI MOT PIEM
1.1. Pinh nghia dao ham tai mot diém
Pinh nghia: Cho ham sd y= f(x) xdc dinh trén khoang (a; b) va xo € (a; b). Néu ton tai gidi
han (hiru han)

y f) — f(x0)

im ————

x=Xg X — X
thi gi6i han d6 dugc goi 1a dao ham ciia ham sé y= f(x) tai diém x, va ki hi¢u 1a £(x,) (hodc
y’ (Xp)), thc la:

) — tim L =S G0

X—Xo X — xO

CHUY:

bai lugng Ax= x — xo dugc goi la ) gia cua ddi sb tai x,.

Dai lugng Ay= f(x) — f(x)= f( xo+ AX) — f(X,) duoc goi 12 s6 gia twong mg
ciia ham sé. Nhu vay:

, Ay
V(%) = i Ax

1.2. Cach tinh dao ham bing dinh nghia
Quy tac:

/ Budc 1: Gia str Ax 12 s6 gia ctia ddi s6 tai x,, tinh: \
Ay = {(x¢ + AX) — f(Xo).
Buéc 2: Lap ti s6 =L,
Ax

o A TS 13 Ay
Budc 3: Tim limy,.,, ~

N /

Vi du 1: Tinh dao ham ctia ham s6 f(x) =1 taixg=1
X

Giai

Gia sir Ax 12 s6 gia cua ddi s6 tai xg = 1
Ta c6: Ay = f(1 + Ax) — (1)

_ 1 1= —AX

1+ Ax 1+ A4Ax

Ay -1

Ax 1+ Ax

lim AY - qim 1L~

Ax—)OAX Ax—>01+AX
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Vay f1)=-1
1.3. Y nghia hinh hoc ciia dao ham
Pinh li 1. Cho ham $6 y= f(x) xdc dinh trén khoang (a; b) va c6 dao ham tai x € (a;
b). Goi (C) 12 d5 thi ctia ham s6 d6. Ta c6:

Pao ham cua ham sb y= f(x) tai diém x, b'c"lng véi hé s gbc cua tiép tuyén M,T
cua (C) tai diem My( xo; f(Xp)).

1.4. Phwong trinh tiép tuyén:
Pinh 1i 2

Phuong trinh tiép tuyén ctia do thi (C) ctia ham s6 y= f(x) tai diem My( Xo} yo) 1a:
Yy = Yo= F’(Xo)(X — X¢)
trong d6 yo= f(xo).

Vi du 3: Cho parabol y = - x>+ 3x — 2. Viét phuong trinh tiép tuyén ciia parabol tai diém c6
hoanh d6 xy= 2.

Giai
Taco: xp=2
‘ Yo=y(2) = 0.
Bang dinh nghia ta t}’nh du:gc: Yy (X)) =y (2)=-1
Vay phuong trinh tiép tuyén cta parabol tai diem My(2; 0) la
¥ = Yo= " (X0)(X = Xo)
oy-0=>G-D).x-2)ey=-x+2.

2. PAO HAM TREN MOT KHOANG

2.1.Pinh nghia:

Ham sb y = f(x) dugc goi la c6 dao ham trén khoang (a;b) néu né c6 dao ham
tai moi diém x trén khoang do.

Khi d6 ta goi ham s :
f'i(a;b) > R
x = f'(x)
La dao ham cta ham s6 y = f(x) trén khoang (a; b); ki hiéu 1a y’ hay f'(x).
Vidu 4:
Ham s6 y = x? ¢6 dao ham y’ = 2x trén khoang (oo; +00).

T6 Toan hoc - Khoa khoa hoc co’ ban Trang 31



BAI TAP

1. Tinh dao ham ctia mdi ham sb sau tai diém da chi ra:
a) y=x2—3x tai xg=2;
b) y=x3+1 tai Xy =-2;

dy=2  tai x=3.
X

2. Viét phuong trinh tiép tuyén cta duong cong y = x3.
a) Tai diém (-1; -1);
b) Tai diém c6 hoanh d6 bang 2;
¢) Biét hé sb géc cua tiép tuyén bang 3.

3. Viét phuong trinh tiép tuyén ciia duong cong y = X+ 1
a) Tai diém (-1; 0);
b) Tai diém c6 hoanh dd xo = 2;
¢) Biét hé sb géc cua tiép tuyén bang 12.

4. Viét phuong trinh tiép tuyén ctia duong cong y = 2
X
d) Tai diém (-1; -2);

e) Tai diém c6 hoanh d9 x, = 2;
f) Biét hé so gdc cua ti€p tuyén bang 8.
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§2. QUY TAC TINH PAO HAM

1. Pao ham ciia mdt s6 ham thwong gip

Pinh li 1
Ham s y=x" (n€ N,n>1) c6 dao ham tai moi x eR va
(x")’ = nx™*
Nhdn xét : - Dgo ham ctia ham hidng bang 0:  (C)’ =0
-Paoham ciahamséy=xbang1: (x)’=1
DPinh li 2

Ham so y:\/; c6 dao ham tai moi x >0 va

1
(*/;)‘2\/5

2. Pao ham cia tong, hiéu, tich, thuwong ) 7
Pinh li 3: Gid st u = u(x), v = v(x) la cac ham so c6 dao ham tai diém x thoc khoang xac

dinh.Ta cé :
/ u+v)y=u+v \

u-v)y=u-v

uv) =uv+uv

u)’ u'v—uv’

L () == v=ve %0

v? j
Bing quy nap todn hoc ta chirng minh duoc:

[ (u,tu,*...fu) :uliuzi...iun]

Vi du 1: Tinh dao ham cdc ham s6 :

a) y=X +X - X

2
b) y:x +Xx
x—1
Giai
a) Tacé: (X +x°—x) =(xX) + (x2) — (x°)=3x* + 2x — 5x°

b) Taco:
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(xz ~1) _ (2= aVx = (2 = D(xa)
x\/; ()c\/;)2
) 2x%A/x — (x°? —1)(1\/;+ ij/;)

x3

2
RSN R il fwzﬂf

3
X

x?x + 3%

2x°

2. H¢ qua:

1. (ku) =ku (klahingsd)

2. Ay = ~ L (v=v(x)#0)
A% \%

Vi du 2: Tim dao ham cua ham sb: y=

1-2x2
Giz‘ii
y = (1 22)—(1 22)
Lo (=207 0 (A 20x
= (1—2x2)2) X (1—2x2)2) (1-2x%)
3. PAO HAM CUA HAM HQP

3.1. Ham hop:

Gia sir ham s6 u = g(x) xdc dinh trén khoang (a;b) va ldy gi4 tri trén khoang (c:d);
Ham sb y = f(u) xéc dinh trén (c;d) va lay gid tr1 trén R. Khi d6, ta 1ap mot ham s6 xé4c dinh
trén khoang (a;b) va ldy gid tri trén R theo quy tc :

x—> 1(g(x))
Ta goi y = f(g(x)) 1a ham hop cua ham y = f(u) véi ham u = g(x).
g
f
a X >
y = f(u)
Sso y= f(g(X)) Ptag

~ -
~~~~~
~ -
-~ -
_______
_________
————————————————

Vidu3: Himsby = sin(2x + 3)lahamhopciahamséy = f(u) = sinu vaham s6
= g(x) = 2x + 3

3.2. Pao ham ciia ham hop

Pinh li 4. Néu ham séu = g(x) c6 dao ham tai x lau, vahamséy = f(u) c6 dao ham

taiu la y’u thi ham hop y = f(g(x)) c6 dao ham tai x Ia :

’

yX Yu- s
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Vi du 4: Tim dao ham ciaham s6 y = sin(2x + 3 (xemu = 2x + 3)

Giai

Tacé:y = (sin(2x + 3)) = cos(2x + 3).(2x + 3)
=cos(2x + 3).2

=2 cos(2x + 3).

1. Tim dao ham cac ham so sau:

a)y=x"—-2x"+5x"—x+9

b) y=4x’(x’ =2x* +5)

c) y=(2x4+9x)\/;
4+2x°

d) v=

)y 3x—1

2. Cho ham sb y = 2x” — 3x” +5
a) Tim y (-3)
b) Timx & y >0

BAI TAP

e)y=+/3x"-2x

f) y= 1+2x
Va+x?
g) y=U+x"
7
h) v=
)y 2+ x*
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§ 3. PAO HAM CUA HAM SO LUQNG GIAC

. s , sin
1. Giéi han caa al
X
Pinh li 1:
_ sinx
lim—=1
x-0 X
Vi du 1: Tinh
. tanx
lim
x-0 X
Giai: Ta co:
~ tanx  /sinx 1 _sinx 1
lim =]lim|l—.—— ) =lim Jdim =1
x>0 X x>0\ X COSX x>0 X x-0C0SX

2. Pao ham cua ham so y = sinx

Pinh li 2
Ham s6 y = sinx c6 dao ham tai moi xeR va
(sinx) = cosx
Chu y: ) —
Néu u = u(x) thi [ (sinu) = u.cosu ]
Vidu 2:

Tinh dao ham: (sin(x> + 1)) = (x> + 1) cos(x> + 1) = 2x.cos(x’ + 1)
3. Pao ham ciia ham so y = cosx
Pinh 1i 3

Ham s0 y = cosx c6 dao ham tai moi xe R va
(cosx) = -sinx

Chua y:

Néu u = u(x) thi [ (cosu) = -u.sinu ]

Vi du 3: Tinh dao ham:

(cos(3x)) = -(3x) .sin(3x) = -3.sin(3x).
4. Pao ham ciia ham s6 y = tanx
Pinh li 4

N A s N . . T \
Ham s0 y = tanx c6 dao ham tai moi x# 5+ km, keZ va

(tanx) = 5
cos” x

Néu u = u(x) thi [ (tanu) = —— J
CoS u
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Vidu 4: Tinh dao ham: (tan(2x+ f))' =

2x+7y

2

cos’(2x+ %) cos’(x+ %)

5. Pao ham cia ham so y = cotx

Pinh 1i 5

=N

{ﬁ\

(cotx) =—

Ham s0 y = cotx c6 dao ham tai moi x# km, keZ va

Vi du 5: Tinh dao ham :

sin” x
£ N : u
Néu u = u(x) thi (cotu) =———
sin” u
T
Bx - Z) _ 3

(cot(3x—Ly) = -

BANG PAO HAM

sin2(3x -2
(3x 4)

sin>(3x - %)

4

(x") =nx""
1. 1
(x) )

, 1
(x) o

(sin x) =cos x

(cosx) =—sinx
(tan x) =——
cos” x
, 1
(cotx) =———
sin” x

(un)' — nun—l
1. u
(u) - l/lz

o
(‘/;)‘N;

(sinu) =u cosu

(cosu) =—u sinu
(tanu) = >
cos” u
. u'
(cotu) =———
sin” u
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BAI TAP

1. Tim dao ham cua cdc ham s0 sau day:

x—1 b 2x + 3 4
)Y =5 )Y =53, )Y =13

2. Tim dao ham cidc ham s6 lugng giic sau :
a) y=sin3x—cos% e) y=cos(2x+%)

1 _ _ 3
b) yzsmx 209sx f) y=cotx

cosSx+sin x =sin” x+co 2x—i—cosz(z—x)+sin2(2—7r—}-x)
c) y=+/1+tanx g) y=sin”x+cos 3 3
d) y=sin’x
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§4. VI PHAN

1. Pinh nghia: Cho ham s6 f(x) x4c dinh trén khoang (a; b) va c6 dao ham tai x € (a;b). Gia
sir Ax 12 s6 gia cua x.

Ta goi f(x).Ax 12 vi phan cua ham s6 y = f(x) tai x ung voi s6 gia Ax.Ki hi¢u la df(x) hodc
dy, nghia la :

[dy = df(x) = f (x).Ax J

Ap dung dinh nghia trén vao ham s6 y = x
Ta c6 : dx = (x) .Ax = 1.Ax =Ax
Do d6, v6i ham sb y =f(x) ta c6:

Ely = df(x) = f (x)dx J

Vi du 1: Tim vi phan ham s sau:
a) y=x3+3x2—5x
b) y= cos’x
Giai
a) y=x3+3x2—5x—>y’=3x2+6x—5
Vay: dy = (3x” + 6x — 5)dx

b) y= cos’x — y’ = -2sinX.cosx = sin(2x)
Viay: dy = sin(2x)dx.

2. Ung dung vi phan vao phép tinh gin diing

Theo dinh nghia cua dao ham, ta c6

, . Ay
f (xo) = AIJICI_TJOH
Do d6 |Ax| di nho thi
Ay 1A 1A
Ax =~ f'(x0) = Ay = f'(x0)Ax

T d6, ta cé f(xy + Ax) — f(xo) = f'(xo)Ax
Hay ta c6 cong thirc tinh gan ding don gian nhit.

f(xo +Ax) = f(x) + f'(x0)Ax

Vi du 2: Tinh gi4 tri gan diing ctia v/3,99.
Giai: bat

F) = VE = f1(x) = %

Theo cong thirc gﬁn ding, véi xg = 4; Ax = —0,01 tacéd
f(3,99) = f(4-10,01) = f(4) + f'(4)(-0,01)
Tace 1a: /3,99 = V4 — 0,01 ~ V4 + %. (=0,01) = 1,9975

T6 Toan hoc - Khoa khoa hoc co’ ban Trang 39



, BAI TAP
1. Tim vi phén cta cic ham s sau:

o ox—4 b _—x=3
a)y_—x+2' )y_7—8x’
c)y=_—5' d)y=x>-3x*+7x-5

2x — 3’

2. Tim dy, biét:
a) y= tan’x
b) y=4x"-2x"+4
c) y= cos’x — sin2x
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Chwong I: VECTO TRONG KHONG GIAN.
QUAN HE VUONG GOC TRONG KHONG GIAN

§1. VECTO TRONG KHONG GIAN

1. PINH NGHIA VA CAC PHEP TOAN VE VEC TO TRONG KHONG GIAN

Cho doan thang AB trong khong gian. Néu ta chon diém dau 12 A, diém cudi 1a B ta c6 mot

vecto, duogc ki hiéu 12 AB.

1.1. Pinh nghia
Vecto trong khong gian la mét doan thang cé hwéng. Ki hiéu AB chi vecto ¢é diém ddu

A, diém cuéi B. Vecto con dwoc ki hiéu la a,b,x, Yy
% Ch y: Cic khdi niém lién quan dugc dinh nghia twong ty nhu trong mét phang.
Vi du 1: Cho hinh tr dién ABCD. Hiy chi ra céc vecto ¢6 diém dau 1a A va diém cudi 1a
céc dinh con lai ctia hinh tir dién. Cic vecto d6 ¢6 cling nam trong mit phang khong ?

A

Giai
Cac vec to c6 diém dau l1a A va diém cuoi la cac dinh con lai cua tir dién: AB,AC,AD .
Céc vecto trén khong cung nam trong mat phang.

Vi du 2: Cho hinh hop ABCD.ABCD . Hiy ké tén céc vecto c¢6 diém dau va diém cudi 1a céc
dinh ctia hinh hdp va bang vecto AB.
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1.2. Phép cong va phép trir vecto trong khong gian

Phép cong va phép trir vecto trong khong gian duoc dinh nghia nhu trong mit phang.

L0

% Quy tic 3 diém:
AB+BC=AC
% Quy tic trir: B
OA—OB = BA
Quy tiic hinh binh hanh:
AB+AD = AC : /

X/
0‘0

L0

% Quy tic hinh hp:
AB+AD+AA'= AC'

Vi du 3: Cho tir dién ABCD. Chitng minh: AC+BD=AD+BC.

Giai A
Theo quy tac ba diém ta c6
AC=AD+DC
Do d6, AC+BD=AD+DC+BD
= AD+(BD+DC)
= AD+BC

1.3. Phép nhan vecto véi mot s6

Trong khong gian, tich cia vecto a véi mot sd k=0 12 vecto ka.

Ciing huéng v6i @ néu k >0, nguge huéng véi @ néu k< 0 va ‘ka‘ = |k|.‘a‘ .
Vi du 4: Cho tir dién ABCD. Goi M, N lan luot 13 trung diém ctia cdc canh AD, BC, va G la
trong tAm ctia tam gidc BCD. Chirng minh rang:

a)M—N:%(@+ﬁ) b) AB+AC+AD =3AG

Giai
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a) Ta ¢c6 MN =MA +AB+BN va MN =MD+ DC+CN A
Vi M Ia trung diém cia doan AD nén
MA+MD =0 vd BN+CN=0.
Vay: MN = (AB +DO)
b) Ta cé

AB=AG+GB ,

AC=AG+GC,

AD=AG +GD.

= AB+AC+AD =3AG +GB+GC+GD
Vi G la trong tm cua tam gidc BCD nén GB+GC+GD=0. ¢
Do d6 ta suy ra AB+AC+AD =3AG
2. PIEU KIEN PONG PHANG CUA BA VECTO

2.1.Khai niém vé sy ddng phing ciia ba vecto trong khong gian

Cho a,b,c#0. Tir mot diém O bat ki v& OA =a,0B=b,0C=c.
e Néu cic duong thang OA, OB, OC khéng cing nam trong mot mat phang, khi d6 ta néi

rang ba vecto a,b,c khong dong phang.
\

%
X B

\
EEKC

e Néu cic dudng thang OA, OB, OC ciing nam trong mdt mat phang, khi d6 ta néi rang

Vi du 5: Cho hinh hop ABCD.EFGH. Hay chi ra bg ba céc vecto dong phang ?

T \e s

ba vecto a,b,c déng phcfng.

Huéng dan: AB,AD,EG ,...
= Chu §: Viéc xdc dinh sy dong phang hay khong ddng phang ciia ba vecto khong phu
thudc vao vi tri diém O.
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2.2. Pinh nghia
Trong khong gian ba vecto duoc goi 12 déng phang néu cédc gid ciia chiing cling song song
vGi mot phang.

D

Vi du 6: Cho tir dién ABCD. Goi M va N lan luot 1a trung diém cia AB va CD. Chirng minh

rang ba vecto BC,AD,MN ddng phang.

Giai

Goi P va Q 1an luot 12 trung diém cia AC

va BD. Ta c6 PN song song vdi MQ va PN =MQ = %AD.
. . C

Vay tor gidc MPNQ 14 hinh binh hanh. Mét phang (MNPQ) chtta duong thang MN va song

song véi cdc duong thang AD va BC.

— Ba dudng thang MN, AD, BC ciing song song voi mot mit phang. Do dé ba vecto
BC,MN, AD dong phang.

2.3. Piéu kién dé ba vecto dong phang

Pinh li 1: Trong khong gian cho hai vecto a,bkhong ciing phwong va vecto ¢. Khi d6 ba

vecto a,b,c ddng phing & 3! m,nell :c=ma+nb.

= Nhén xét: Néu ma+nb+pc=0 va mot trong 3 s6 m,n,p = 0thi a,b,c ddng phang.
Vi du 7: Cho t&r dién ABCD. Goi M va N lan luot 1a trung diém ctia AB va CD. Trén céc

canh AD va BC lan luot 1iy cdc diém P va Q sao cho AP = %E va BQ = %ﬁ . Chirng minh
rang bén diém M, N, P, Q ciing thudc mot mét phang.
Giai

Ta c6: MN = MA + AD+DN via MN = MB +BC +CN
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Do d6, 2MN = AD+ BC hay m:%(ﬁ+§é)(l)

Mat khéac, vi Kf):ggﬁ nén Xﬁ:%ﬁ

b

W

ngﬁ nenﬁzzgm.

Do dé tu (1) ta suy ra:

MN =2 (AP+BGQ) = (AV + MP+ BM + MQ).
MN =2 (MP+MG) vi AM+BM =0.

Hé thitc MN = %M—P +%M—Q chtng t6 ba vecto MP,MN,MQ ddng phing nén bon diém M, N,

P, Q ciing thuéc mot mat phang

Pinh li 2: Trong khong gian cho ba vecto khéng dong phang a,b,c. Khi d6 véi moi vecto x

ta déu tim dugc bd ba s6 m, n, p sao cho x =ma+nb+pc.

Vi du 8: Cho hinh hop ABCD.EFGH c6 AB=a,AD =b,AE =c. Goi I 12 trung diém ciia doan

B .

BG. Hay biéu thi vecto Al qua ba vecto a,b,c.

Giai

Vi I Ia trung diém cta doan BG nén ta cé

AI:%(K§+KG)

trong d6 AG=_ (AB+AD+AE)=a+b+c.

Vay ﬁ:l(£+5+6+5). Suy ra Ai—a+ipsle
2 22
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BAI TAP
1/ Cho tir dién ABCD.

a) Chimg minh ring: AC+BD=AD+BC
b) Goi M, N lan luot 1a trung diém cua AB, CD. G la trong tam tir dién.
Chung minh ring GA+GB+GC+GD =0
¢) Chung minh rang véi moi diém M ta déu c6: MA + MB+MC+MD =4.MG .
2/ Cho hinh hép ABCD.A'B'CD'. Chiing minh rang:
a) AB+BB +DD =AC ;
b) BD-DD-BD =BB';
¢) AC+BA +DB+CD=0.
3/ Cho hinh binh hanh ABCD. Goi S 1a m¢t diém nam ngoai mat phang chtra hinh binh hanh.
Chting minh rang: SA + SC=SB+SD.

4/ Cho hinh tir dién ABCD. Goi M va N lan luot 1a trung diém cta AB va CD. Chung minh
rang:
a) MN == (AD+BC); b) MN = (AC+BD);
2 2
5/ Cho hinh t&r dién ABCD. Hay x4c dinh hai diém E, F sao cho:
a) AE=AB+AC+AD;

b) AF=AB+AC-AD;
6/ Cho hinh tr dién ABCD. Goi G 1a trong tim ctia tam gidc ABC. Chirmg minh rang:

DA +DB+DC =3DG.

7/ Goi M va N lan luot 1a trung diém cua céc canh AC va BD cua tr dién ABCD. Goi I 1a
trung diém cta doan thing MN va P 1a mot diém bat ki trong khong gian.Chimg minh rang:

a) TA+IB+IC+ID=0 b) Pi=—(PA+PB+PC+PD)
8/ Cho hinh ling try tam gidc ABCDABCD' c6 AA =a,AB=b,AC=c.
Hay phén tich (hay biéu thi) cdc vecto BC,BC qua cdc vecto a,b,c.

9/ Cho hinh hop ABCDEFGH. Goi K 1a giao diém cua AH va DE, I 1a giao diém ctia BH va
DF. Chirng minh ba vecto AC,KI,FG dong phang.
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§2. HAI PUONG THANG VUONG GOC

1. TICH VO HUONG CUA HAI VECTO TRONG KHONG GIAN
1.1. Géc giira hai vecto trong khong gian

Pinh nghia: Trong khong gian cho u,v#0. Ly mot diém A bat ki, goi B va C 1a hai diém
sao cho: AB = U; AC = V. Khidé: (4;V) = BAC.

Cha y: 0° < (U; V) < 180°.

Vi du 1: Cho tir dién déu ABCD c6 H 1a trung diém cta canh AB. Hay tinh géc giita cic cap
vecto sau day:

a) AB vi BC b) CH va AC

Giai

a) (AB;BC) = B'BC = 120°

b) (CH;AC) = C'CH = 150°
2. Tich vo hwéng cia hai vecto trong khong gian

Pinh nghia: Cho ,v#0. Tich vd hudng cta hai vecto u va v 12 mot so, ki hiéu u.v, duoc
xac dinh bdi cong thuc:

i.v =dl.[9].cos(d,v)

e Quiwbc: i=0 hodc v=0 thi: iv=0
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Nhan xét

<l

u.

I
e ilveuv=0

Vi du 2: Cho tir dién OABC c6 cac canh OA, OB, OC d6i mot vudng géc va OA =OB =0C

=1. Goi M la trung diém ctia canh AB. Tinh géc giita hai vecto OM va BC.

° cos(ﬁ,\?)z

[al 3]

Giai

Ta cé: cos(Oﬂ,ﬁ?) = |66¢1\1>I7[|i%| = 6\/_1;713_6 .
7. 2

Mt khic: OM.BC =~ (OA +OE).(OC - OB)
2

- %(6&6&—6&6&6}36&—6}?).

Vi OA, OB, OC doi mot vudng géc va OB = 1 nén
OA.OC=0A0B=0BOC=0va OB =I.
) N m— 0
Do d6: cos(OM,BC)=7. Vay (OM.BC)=120".
Vi du 3: Cho hinh 1ap phuong ABCD.ABCD'.

a) Hay phan tich céc vecto AC va BD theo ba vecto AB,AD, AA .

b) Tinh cos(ﬁ,ﬁ)) va tir d6 suy ra AC va BD vudng géc v6i nhau.

@%ﬁ;

2. VECTO CHI PHUONG CUA PUONG THANG
2.1 Pinh nghia: Vecto a=0 duoc goi la vecto chi phuong ciia

duong thang d néu gid cua vecto a song song hodc tring voi /
dufmg théng d. /
d
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2.2.Nhén xét

a) Néu a 12 VTCP cta duong thing d thi vecto ka véi
k#0 cling 1a VTCP cua d.

b) Mot duodng thiang d trong khong gian hoan toan dwoc xdc dinh néu biét diém A
thudc
d va mot vecto chi phuong a cta né.
¢) Hai duong thang song song v6i nhau khi va chi khi ching 13 hai duong thiang phan
biét va c6 hai vecto chi phuong cuing phuong.
3. GOC GIUA HAI PUONG THANG
3.1 Pinh nghia: Géc giita hai dudong thang a va b trong khong gian 1a géc giira hai dudng

thang a va b clng di qua mot diém va 1an lugt song song véi a va b. Ki hiéu: (a, b).

Chu ¥: 0° <(a, b) < 90°

3.2. Nhan xét

a) Dé xdc dinh géc giita hai duong thang a va b ta ¢ thé 1dy diém O thudc mot trong hai
duong d6 roi vé mot dudng thang qua O va song song v4i dudng thang con lai.
b) Néuacé VICPla u vabcé VICP la v thi

(E\b)z{ a néu 0° < a <90°
’ 180° — a néu 90° < a < 180°

¢) Néu a va b song song hoidc tring nhau thi (a, b) = 0°
Vi du 4: Cho hinh chép S.ABCD ¢6 SA =SB =SC =AB =AC = a va BC =ay2.

Tinh géc giita hai duong thang AB va SC.

Giai
s
Ta cé: cos(Sf, E)=EC—A_B.
‘SC‘ .‘AB‘
(S—A + A—C) AB
h a.a B
cos(SC. AB) SA.AB +2 AC.AB

a
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Vi CB’=(av2)’=a’+a’=AC’+AB> nén ACAB=0. Tam gidc SAB déu nén
(SA,AB) =120°

—a’
2 :_71. Do d6 (SC,AB) =120°.
a

— 2 — —_—
v do d6 SA.AB =a.a.cos120° = % Vay : cos(SC, AB)=

Suy ra (AB,SC) =180" —120° = 60".

Vi du 5: Cho hinh 1ap phuong ABCD.ABCD'. Tinh géc giita cdc cip duong thang sau ddy:
a) ABvaBC b) ACva BC c) AC va BC

y c

4. HAI PUONG THANG VUONG GOC

4.1. Dinh nghia: 4 Lbo @h) =90° ]

4.2. Nhan xét
a)alb e uv=0
b)a/b,c Lla=cLb

¢)a L b = a, b cdt nhau hodc chéo nhau.

Vi du 6: Cho tir dién ABCD c6 AB L ACva AB L BD. Goi P va Q lan luot 1a trung diém cua
AB va CD. Chimng minh ring AB L PQ.
A
Giai
Ta c6: PQ=PA+AC+CQ va PQ=PB+BD+DQ P
Do d6 2PQ = AC + BD.
Vay 2PQAB = (K6+B‘13).K1§

= ACAB+BDAB=0 hay AB LPQ.
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BAI TAP
1/ Cho hinh 1ap phuong ABCD.EFGH. Hay xéc dinh géc gitra cic cdp vecto sau day:

a) AB va EG; b) AF va EG; c) AB va DH.

2/ Cho tir dién ABCD.

a) Chung minh raing ABCD+AC.DB+AD.BC=0.

b) Tir déng thirc trén hdy suy ra rang néu t& dién ABCD c¢6 AB L CD va AC L DBthi

AD 1 BC.

3/ Trong khdng gian cho hai tam gidc déu ABC va ABC' ¢6 chung canh AB va nam trong hai
mat phang khic nhau. Goi M, N, P, Q 1an luot 12 trung diém cua cdc canh AC, CB, BC', C’
A. Chung minh rang:

a) ABLCC;
b) Tir gidc MNPQ 12 hinh chir nhat.
4/ Cho hinh chép tam gidc S.ABC c¢6 SA = SB = SC va ¢6 ASB =BSC=ESA.

Chung minh rﬁng SA 1 BC,SB 1 AC,SC L AB.

5/ Trong khdng gian cho hai hinh vuéng ABCD va ABC D' ¢6 chung canh AB va nam trong
hai mit phang khac nhau, 1an lugt c6 tim O va O . Ching minh ring AB L OO’ va tir gidc
CDD C la hinh chir nhat.

6/ Cho tir dién ABCD ¢6 AB = AC = AD va BAC=BAD =60". Chirng minh ring:

a) ABLCD
b) NéuM, N lan luot 1a trung diém ctia AB va CD thi MN L AB va MN L CD.
7/ Cho S 1a dién tich cta tam gidc ABC. Chtrng minh rang:

S=— %\/EZ.EZ —(ABAC)
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§3. PUONG THANG VUONG GOC VOI MAT PHANG
1. Pinh nghia

Puong thiang d dugc goi 1a vudng géc voi mat phang (o) néu d vudng géc voi moi duong
thang a nam trong mit phang (o).

Ki hiéu: d L ( o). Hinh vé minh hoa:

2. PIEU KIEN PE PUONG THANG VUONG GOC VOI MAT PHANG

2.1. Pinh li: Néu mot dudng thang vudng géc véi hai dudng thing cat nhau ciing thudc mot
mat phang thi né vudng géc voi miat phang ay. T 1a:

dla
ac (@)
dlb =dl(o)
bc ()

acatb

2.2. H¢ qua: Néu mot dudng thang vudng géc voi hai canh ciia mot tam gidc thi né ciing
vudng géc voi canh thir ba cua tam gidc do.

3. Tinh chit:

3.1. Tinh chét 1: C6 duy nhat mot mit phing di qua mot diém cho trude va vudng géc véi
mot dudng thang cho trudc.

3.2. Mit phing trung trwe: Mit phang trung tryc cta doan thing 12 mat phang di qua trung
diém cua mot doan thang va vudng géc voi doan thang dé.

3.3. Tinh chit 2: C6 duy nhat mot dudng thang di qua mot diém cho trude va vudng gée véi
mot mat phang cho trude.

4. LIEN HE GIUA QUAN HE SONG SONG VA QUAN HE VUONG GOC CUA
PUONG THANG VA MAT PHANG.

4.1. Tinh chit 1:
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a) Cho hai duong thang song song. Mit phang nao vudng géc voi duong thang nay thi ciing
vudng géc voi dudng thang kia.

b) Hai dudng thang phan biét cting vudng géc v6i mot mit phang thi song song véi nhau.
4.2. Tinh chit 2:

a) Cho hai mit phing song song. Pudng thing nio vudng géc vi mit phang nay thi ciing
vudng géc voi mit phang kia.

b) Hai mit phing phan biét ciing vudng géc véi mot dudng thang thi song song véi nhau.
4.3. Tinh chit 3:

a) Cho duodng thang a va mit phang (o ) song song vé&i nhau. Pudng thing nio vudng géc
voi (o) thi cling vudng géc voi a.

b) Néu mot dudng thang va mot mit phang (khong chira dudng thiang d6) ciing vudng géc
v6i mot dudng thang khéc thi ching song song véi nhau.

5. PHEP CHIEU VUONG GOC VA PINH Li BA PUONG VUONG GOC.
5.1. Phép chiéu vudng goc

Phép chiéu song song theo phuong d vudng géc vai (o0 ) goi 1a phép chiéu vudng géc trén
mat phéng (o).

™

5.2. Pinh li ba dwong vuong goc

Cho duong thang a nam trong mit phang (o ) va b 1a dudng thang khong thudc (or) va
khong vudng géc véi (o). Goi b’ 1a hinh chiéu vudng géc ctia b trén (o). Khi d6 alb
& alb’. _— b

5.3. Géc giira dwong thing va mit phing
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Pinh nghia: Cho duong thing d va miat phing (o). Géc giita d va hinh chiéu d’ cia n6 trén
(ar) 12 géc gitra d va (or). Néu géce nay bang 90° thi d_L(or).

Chi §: Néu ¢ 1a géc gitta dudng thing d va mit phang (o) thi 0° < ¢ < 90°.

6. Cac dang toan thwong gap

Dangl: Chimg minh dwong thing vudng géc véi mit phing
Phuwong phdp chitng minh dwong thdng d vuéng géc véi mdt phing (P):
- Chirng minh duong thang d vudng géc véi hai duong thang cit nhau nam trong (P).
d L a

d L b
= d L (P)
a,b c (P)

anNnb=1

- Chirng minh dudng thang d song song v6i dudng thang b ma duong thang b vudng géc vai

(P).

d /b

bl(P)}:dJ_(P)

- Chung minh duong théng d vudng géc véi (Q) ma (P) // (Q).

(P)/1(Q)

}:>dJ_(P)
d 1 (Q)

Dang 2: Chirng minh dwong thing a vudng géc véi duong thing b (c6 thé sir dung hai
phuong phép sau).

Phwong phapl:

- Tim mit phang (P) chira dudng thang a sao cho viéc ching minh b_L(P) d& dang.

ac(P)

bL(P)}:bJ'a

- St dung dinh 1i ba dudong vudng gdoc.

a khong vuédng géc véi (P), b C (P) , a’ 12 hinh chiéu caa a trén (P). Khi dé,
blasbla'

Dang 3: Tinh géc giira dwong thang va mit phang.

Cdch tinh géc giiva dwong thang a va mdt phang (P)
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+ Xéc dinh hinh chiéu cua a 1én mit phéng (P).

+ Géc giita dudng thang a va mat phang (P) bang géc gitta duong thang a va hinh chiéu cua
duong thang a 1én mat phang (P).

*Gée gitta duong thang va mat phiang khong qud 90°.
7. Bai Tap ap dung

Bai tap 1: Cho hinh chép S.ABC c6 ddy 1a tam gidc déu ABC canh a, canh bén SA :#

vuodng géc voi mit phang (ABC). Goi H 1a trung diém BC.

a) Ching minh: BC L (SAH).
b) Ching minh: BC L SH. q
c¢) Tinh gbc gitta dudong thang SH va mat phang (ABC).
Giai
a) Ta co:
SA 1 (ABC)

BCC(ABC)}:SAJ_BC (1)

Tam gidc ABC déu c¢6 H 1a trung diém BC nén AH vira 1a dudng trung tuyén vira la
duong cao = AH L BC (2)

SANAH={A}

(3)
SA,AH c (SAH)

Tu (1), (2), (3) tacé: BC L (SAH)

b) Ta c6 BC L (SAH) = BC LSH

¢) Ta cé:

SA L (ABC)

AHC(ABC)}SSALAH

= AH Ia hinh chiéu caa SH 1én mit phing (ABC)

= Géc gitta SH va miat phing (ABC) 1a géc giita SH va AH bang géc SHA .

Mic khiac ASAH vuong tai A do SA L AH nén

a3

SA 2
tan@HA:—: =1 0
AH a\/§ 3@HA=45 .

2
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Viy goc gitta SH va mit phang (ABC) bang 45°.

Bai tip 2: Cho hinh chép S.ABCD c¢6 ddy ABCD 1a hinh vuong va SD L (ABCD) .

a) Chung minh AB_L (SAD).
b) Goi M la trung diém BC, N 1a trung diém ctua AD. Chting minh: MN L (SAD)
Giai

a) Ta co:

SD 1 (ABCD)

= SD 1 AB
AB c (ABCD)

AB 1 AD (do ABCD Ia hinh vuéng)

SD,DA c (SAD)

méc khac { SD A DA ={D}

Vay AB_L(SAD).
b) Vi MN //AB L (SAD) = MN L (SAD).

Bai tap 3: Cho S.ABC c6 cic tam gidc SAB, SAC vudng tai A; tam gidc ABC vuong tai B.
Chirng minh:

S
a) SA L (ABC).
b) BC 1L (SAB).
A R <
Giai: (Hs tu giai) B

BAI TAP

1/ Cho hinh chép S.ABC c6 ddy la tam gidc ABC vudng tai B va c6 canh SA vudng goc véi
mat phang (ABC).

a) Chirng minh BC L (SAB).

b) Goi AH la duong cao cua tam gidc SAB. Chung minh AH L SC.
2/ Cho tir dién ABCD c6 hai mdt ABC va BCD la hai tam gidc can c6 chung canh ddy BC.
Goi I 1a trung diém cuia canh BC.

a) Chung minh ring BC vudng géc v6i mat phang (ADI).
b) Goi AH la dudng cao ctia tam gidc ADI, chirmg minh rang AH vudng géc voi mit
phang (BCD).
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3/ Cho hinh chép S.ABCD c6 ddy la hinh thoi ABCD va c6 SA=SB =SC = SD. Goi O 1a
giao diém cia AC va BD. Chitng minh rang:

a) Puong thang SO vudng géc v6i mit phang (ABCD);
b) Puong thang AC vudng géc véi mit phang (SBD) va dudng thang BD vudng géc voi
mat phang (SAC).
4/ Cho tir dién OABC c6 ba canh OA, OB, OC d6i mot vudng géc. Goi H la chan duong
vudng géc ha tir O t6i mat phang (ABC). Ching minh rang:

a) Hla truc tam cua tam gidc ABC;
1 _ 1 N 1 N 1 ‘
OH> O0A®* OB* o0cC’
S/ Cho hinh chép S.ABCD c6 ddy 1a hinh thoi ABCD va c6 canh SA vudng géc véi mat
phang (ABCD). Goi I va K 1a hai diém 1an luot Iy trén hai canh SB va SD

b)

sao cho SL_SK . Chlirng minh:
SB SD

a) BD L SC;

b) IK L (SAQ).
6/ Cho tir dién SABC c6 canh SA vudng géc véi mit phang (ABC) va c6 tam gidc ABC
vudng tai B. Trong mit phang (SAB) ké AM vudng géc véi SB tai M. Trén canh SC lay diém
N sao cho SM_ ﬁ Chting minh rang:

SB SC
a) BC_L(SAB)va AM L (SBC);
b) SB.LAN.
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§4. HAI MAT PHANG VUONG GOC
1. GOC GIUA HAI MAT PHANG

1.1. Pinh nghia: Géc gitta hai mat phang 12 géc gita hai duong thang 1an lugt vudng géc
v6i hai mat phang do.

1.2. Cach xac dinh goc giira hai mit phing cit nhau.

Xét hai mit phing () va (f)cit nhau theo giao tuyén c.

Tir mot diém I bat ky trén c, trong mit phang () dung dudng thang m L ¢va dung trong

(B)dudng thang n Lc.

Géc giita hai mit phang (a) va (B) 1a géc giita hai duong thang m va n.

1.3. Dién tich hinh chiéu cia mjt da gidc.

Cho da gidc H ndm trong mit phang (o) c6 dién tich S va H’ 1a hinh chiéu vudng géc cta H

trén mat phang (B).

Khi d6 dién tich S’ cua H’ dugc tinh theo cong thirc sau S’ =S. cos @ (¢ la géc gilra (o) va

B))-
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2. HAI MAT PHANG VUONG GOC

2.1. Pinh nghia: Hai mit phang goi 1a vudng géc véi nhau néu géc giira hai mat phang d6 1a
g6c vudng. Ki hiéu: (o) L (B).

2.2. Cac dinh li
2.2.1.Pinh Ii 1: Diéu kién can va du dé hai mat phang vudng géc v6i nhau 12 mit phang nay

chtra mot duong thang vudng géc véi mat phang kia.

(@) L(p)

{d c (@)
&
d1(p)

H¢ qua 1: Néu hai mat phang vudng géc v6i nhau thi bat cir dudng thang nao nam trong mit
phang nay va vudng géc véi giao tuyén thi vudng géc véi miat phang kia.

H¢ qua 2: Cho hai mit phing (o) va (B) vudng géc véi nhau. Néu tir mot diém thude mit
phang (o) ta dung mot duong thang vudng géc véi mit phang (B) thi duong thang nay nam
trong mit phang (o).

2.2.2. Pinh li 2: Néu hai mat phang cat nhau va ciing vudng géc voi mot mat phang thi giao
tuyén cta ching vudng géc v&i mit phang do.

3. HINH LANG TRU PUNG, HINH HQP CHU NHAT, HINH LAP PHUONG

3.1. Pinh nghia: Hinh lang try ding 1a hinh lang tru c6 cdc canh bén vudng géc voi cdc mat
day. B¢ dai canh bén dugc goi la chiéu cao cta hinh lang try ding.

+ Hinh ling try dting c6 ddy 1a da gidc déu goi 12 hinh lang tru déu.
+ Hinh lang tru dirng c6 ddy la hinh binh hanh goi 1a hinh hop.
+ Hinh lang try dung c6 ddy la hinh chir nhat goi 1a hinh hop chit nhat.

+ Hinh lang tru dirg c6 ddy la hinh vudng goi 1a hinh 1ap phuong.

B! A
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3.2. Nhan xét: Cdc mat bén cua hinh ling tru ding ludn vudng géc véi mat phing ddy va la
nhiing hinh chir nhat.

4. HINH CHOP PEU VA HINH CHOP CUT PEU
4.1. Hinh chép déu

Hinh chép c6 ddy 1a mot da gidc déu va chan dudng cao tring voi tim cua da gidgc ddy duoc

goi 12 hinh chép déu.

+ Hinh chép déu c6 cdc mat bén 1a nhitng tam gidc cin bang nhau, cic mat bén tao v&i mat
day céc géc bang nhau.

+ Cdc mat bén déu tao v6i mat dd,y cdc géc bang nhau.

4.2. Hinh chép cut déu

Phan cta hinh chép déu nam gitta ddy va mot thiét dién song song voi ddy cit cc canh bén
ctia hinh chép déu duoc goi 12 hinh chép cut déu.

S

/AN
i

L 4

5. Bai Tap ap dung:

Bai tap 1: Cho S.ABC c6 cac tam gidc SAB, SAC vuong tai A; tam giac ABC vuong tai B.
Chirng minh:

a) (SAC) L (ABC)
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b) (SBC) L (SAB)

¢) (SAB) L (ABC)

Giai:

{SA 1 (ABC)
a) Ta co: = (SAC) L (ABC).
SA c (SAC)

{BC 1 (SAB)
b) Ta co: = (SBC) 1L (SAB).
BC c (SBC)

{SA 1 (ABC)
c) Tacd: = (SAB) L (ABC).
SA c (SAB) B

Bai tip 2: Cho hinh chép S.ABC c6 day la tam gidc déu ABC canh a. SA :# va SA

vudng goc voi mit phang (ABC) tai A. Goi H 1a trung diém BC.
a) Chung minh: (SAH) L (ABC).
b) Chirng minh: (SAH) L (SBC).
¢) Tinh goc giita mit phang (SBC) va mit phang (ABC).

Giai

a) Tacé: SA L(ABC)= (SAH) L (ABC)

{BC 1 (SAH)
b) Taco: = (SBC) L (SAH).
BC c (SBC)

¢) Ap dung céch xé4c dinh goc giita hai mat phang, ta c6: Goc giita hai mat phang (SBC) va
mat phang (ABC) la: SHA :

Mic khac ASAH vuodng tai A do SA 1. AH nén

a3

SA 9
tan@HA:—:—zl Ao

2

Viy goc giita SH va mit phang (ABC) bang 45°.
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BAI TAP

1/ Trong mit phang () cho tam gidc ABC vudng géc & B. Mot doan thang AD vudng géc
v6i (@) tai A. Ching minh rang:

a) ABC la g6c gitra hai mat phfmg (ABC) va (DBC);
b) Mit phing (ADB) vudng géc véi mat phang (BCD).
2/ Cho hinh 1ap phuong ABCD.ABCD'. Chirng minh rang:

a) Mit phiang (ABCD)vudng géc véi mit phang (BCD'A');

b) Puong thang AC vudng géc véi mat phang (A BD).
3/ Cho hinh chép S.ABCD c6 ddy ABCD la mot hinh thoi canh a va c6 SA =SB =
=SC = a. Ching minh rang:

a) Mit phiang (ABCD) vudng géc véi mat phang (SBD);

b) Tam gidc SBD la tam gidc vudng.
4/ Cho hinh chép tam gidc déu S.ABC ¢6 SH 1a dudng cao. Ching minh SA 1 BC
va SB_LAC.

5/ Cho hinh chép tir gidc déu S.ABCD c6 cdc canh bén va cdc canh ddy déu bang a. Goi O Ia
tam cua hinh vudng ABCD.

a) Tinh do dai doan thang SO.

b) GoiM la trung diém ctia doan SC. Chirng minh hai mit phang (MBD) va (SAC)
vuong géc voi nhau.

¢) Tinh d¢ dai doan OM va tinh géc gitra hai mat phfmg (MBD) va (ABCD).
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§5. KHOANG CACH

1. KHOANG CACH TU MOQT PIEM DEN MOT PUONG THANG, MOT MAT
PHANG

1.1. Khoang cach tir mdt diém dén mét dwong thiang

Cho diém O va duong thing a. Trong mit phing (O, a) goi H 13 hinh chiéu vudng géc
ctia O trén a. Khi d6 khoang cdach OH duoc goi 1a khoang cach tir O dén dwong thing a. Ki
hi¢u d(O, a).

1. 2. Khoang céach tir mét diém dén mét mit phing

Cho O va mat phéng (o). Goi H 1a hinh chiéu vudng géc cua O trén mp () . Khi do
khoang cich OH dugc goi 1a khodng cach tir diém O dén mit phing (o).

Ki hiéu d(O, (a)).

Vi du 1: Cho hinh chép SABCD c6 day ABC la tam giac vudng tai B, SA L (ABC). Gia su
AB =a, AC = av/2, SA =a. Tinh khodng céch tir A d&&n mit phing (SBC).

S

B

2. KHOANG CACH GIUA PUONG THANG VA MAT PHANG SONG SONG,
KHOANG CACH GIUA HAI MAT PHANG SONG SONG.

2.1. Khoang cach giira dwong thing va mit phing song song
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Pinh nghia: Cho a // (o). Khoang cdch giita a va mp(a) 1a khoang céch tir mot diém bat ki
ctia a dén (o). Ki hiéu d(a, (a)).

Vi du 2: Cho hinh lang tru dimg ABCDABCD ¢6 AA =a. Ddy ABC la tam gidc vudng tai
A ¢6 BC = 2a, AB = av3. Tinh khoang céch gitta AA'va (BCCB).

A C

a

A C’
B’
2.2. Khoang cach giira hai mit phing song song

Pinh nghia: Khoang cich giita hai mit phang (a), (B) song song 1a khoang céch tir mot

diém bat ki cia mat phang nay dén mat phang kia.

Ki hiéu khoang cach gifta hai mit phang (@) va (8) song song véinhaula d ((a), (8))

B M

3. PUONG VUONG GOC CHUNG VA KHOANG CACH GIUA HAI PUONG
THANG CHEO NHAU

3.1. Pinh nghia

a) Puong thiang Acit hai duong thing chéo nhau a, b va cting vudng géc véi mdi dudng

thang ay duoc goi 1a dwong vudng géc chung ciia a va b.
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b) Néu dudng vudng géc chung A cit hai dudng thang chéo nhau a, b 1an luot tai M, N thi

d6 dai doan MN goi 1a khodng cdch giita hai dwong thang chéo nhau a va b.
M /
a

b

— N|
T

Vi du 3: Cho tir dién déu ABCD, goi M, N 1an luot 14 trung diém ctia canh BC va AD. Chiing
minh raing MN L BC va MN L AD.

A

C
3.2. Cach tim dwong vudng goc chung ciia hai duong thing chéo nhau

Cho hai dudng thang chéo nhau a va b. Goi () 12 mit phing chtra b va song song Vvéi a,

(o) 12 hinh chiéu vudng géc cta a trén m(p) .

Via//(B)néna// a.Dodé bna =N. Goi mp (o) 12 mit phang chira ava a’, A 12 dudng
théng qua N va vudng géc véi (B). Khi d6 (o) =(a,a’) vudng géc (B).

Nhu vdy A nam trong (o) nén cét a tai M va cat tai b tai N, dong thoi A cling vudng gée véi

cdavab. Vay A laduong vudng géc chung ctia a va b.

3.3. Nhan xét

a) Khoang céch giita hai duong thang chéo nhau bang khoang cach tir mot diém trén duong

thang nay dén mat phang song song v&i né va chira duong thang kia.
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b) Khoang céch giita hai duong thang chéo nhau bang khoang cich gitra hai mit phang song
song 1an luot chira hai duong thang do.

\—I
%{b N

4. BAI TAP AP DUNG

Bai tap 1: Cho hinh chép S.ABCD c6 day ABCD la hinh vuong canh a; SA L mp(ABCD)va
S
SA=a2.

a) Tinh khoang cach tir C dén mp(SAB).
b) Tinh khoang céch tir A dén mp(SBD).
¢) Tinh khoang cach tr CD dén mp(SAB).
d) Tinh khoang cach tir BC dén mp(SAD).
e) Tinh khoang céch gitra BC dén SA.

f) Tinh khoang céch gitta BD dén SC.

Giai
a) Tacoé CB L (SAB) tai B. Khoang cich tir C dén (SAB) 1a: CB = a.

BD 1 (SAO)
BD c (SBD)
SO tai I. Khi d6: Khoang céach tr A dén (SBD) 1a AL Khi do:

L _tr,1_1 +£-i:Az-aﬁ
A’ AS? AO® 248 & 24° 5°
¢) Ta c6: CD//(SAB). Do d6, khoang céch tir CD dén (SAB) 1a khoang céch tir C dén (SAB)
va bang CB = a.

b) Taco { = (SBD) L (SAO) theo giao tuyén SO. Tir A ké Al vudng géc véi

d) Ta c6: BC//(SAD) . Do do6, khoang cach tu BC dén (SAD) 1a khoang cach tir B dén (SAD)
va bang AB = a.
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e) Ta c6: AB la doan vudng géc chung gitra BC va SA. Do d6, khoang céch gitra BC va SA la
AB=a.

f) Ta c¢6: (SAC) chira SC va vuong géc voi BD tai O. Tir O ké OH L SC tai H. Khi d6, OH 1a
doan vuong géc chung ctia SC va BD. Goi AJ 1a duong cao cia tam gidc SAC, khi d6:
1 1 1 1 1 1 1

OH =—AJ . Vi = t—F ==+ 2:—23AJ:a.Véy0H:la.
2 AJ AS AC 2a° 2a a 2

Bai tap 2: Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuong canh a, canh SA L (ABCD)

va SA = a. X4c dinh va tinh d6 dai doan vudng géc chung giita cic cip duong thing sau:
a) SB va CD.
b) SC va BD.
¢) SB va AD.

Giai: (HS tu giai)

BAI TAP

1/ Cho tr dién S.ABCD c6 SA vuodng géc voi mp (ABC). Goi H, K lan Iwot 1a tryc tAm cua
céc tam gidc ABC va SBC.
a)Chimg minh ba duong thang AH, SK, BC ddng quy.
b)Chirng minh rang SC vudng géc véi mat phang (BHK) va HK vudng géc voi mat
phang (SBC).
¢)Xéc dinh duong vudng géc chung cia BC va SA.
2/ Cho hinh 1ap phuong ABCDABCD' canh a. Ching minh rang cdc khoang cach tir cic
diém B, C, D, A',B,D" dén dudng chéo AC déu bang nhau. Tinh khoang céch d6.
3/ Cho hinh hop chit nhat ABCDABCD ¢6 AB = a, BC =b, CC =c.
a)Tinh khoang cdch tir B dén mit phang (ACCA).
b)Tinh khoang cich giita hai duong thing BB va AC .
4/ Cho hinh 14p phuong ABCDABCD
a)Chimg minh rang BD vudng géc voi mit phang (BA'C)
b)Tinh khoang cich giita hai mit phang (BA'C) va (ACD)).
¢)Tinh khoang cach giita hai dwong thang BC va CD'.
S/ Chtrng minh rang néu dudng thang ndi trung diém hai canh AB va CD cua tir dién ABCD
la dudong vuodng géc chung ciia AB va CD thi AC = BD va AD = BC.
6/ Cho hinh chép tam gidc déu S.ABC c6 canh ddy bang 3a, canh bén bang 2a. Tinh khodng
cach tr S t6i mat day (ABC).
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ON TAP CHUONG 1

1/ Hinh chép S.ABCD c6 ddy 1a hinh thoi ABCD canh a va c6 géc BAD= 60°.
Goi O 1a giao diém ciia AC va BD. Puong thang SO vudng géc v6i mit phang (ABCD) va

SO = 37? . Goi E 1a trung diém cua doan BC, F la trung diém cua doan BE.

a) Chimg minh mit phang (SOF) vudng géc véi mit phang (SBC).
b) Tinh cdc khoang céch tir O va A d&én mit phang (SBC).
2/ Tt dién ABCD c¢6 hai mat ABC va ADC nam trong 2 mit phang vudng géc v6i nhau. Tam
gidac ABC vuong tai A c6 AB =a, AC =b. Tam gidc ADC vudng tai D c6 CD =a.
a) Chirng minh cic tam gidc BAD va BDC la nhitng tam gidc vudng.
b) GoiI va K lan luot 1a trung diém cta AD va BC. Chimg minh IK 1a duong vudng
géc chung ctia hai duong thang AD va BC.
3/ Cho hinh 14p phuong ABCDABCD canh a .
a) Chimg minh BC vuéng géc véi mit phang (ABCD).
b) Xaic dinh va tinh do dai doan vudng géc chung ctia AB va BC'.
4/ Cho hinh chép S.ABCD c6 ddy 12 hinh thoi ABCD canh a ¢c6 géc BAD= 60°
vaSA=SB=SD = %
a) Tinh khoang céch tir S dén mit phang (ABCD) va d6 dai canh SC.
b) Chirng minh mit phang (SAC) vudng géc véi mat phang (ABCD).
¢) Ching minh SB L BC.
Goi ¢ la géc gitta 2 mp (SBD) va (ABCD). Tinh tan
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